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Abstract
The extremal number ex(n; TKp) denotes themaximumnumber of edges of a graph of order n containing no topological complete
graph TKp as a subgraph. In this paper we give the exact value of the extremal number ex(n; TKp) for (7n+7)/12p< (2n+
1)/3 provided that n − p15. Furthermore, we ﬁnd the corresponding extremal graphs for n − p17.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction
A topological complete graph TKp of order p comprises p vertices {v1, v2, . . . , vp} and
(
p
2
)
pairwise vertex disjoint
paths Pi,j , 1 i < jp, such that Pi,j joins vi to vj . There are a variety of extremal problems that are extensions of
Turan’s Theorem [16] proved in 1941. One of the most interesting extensions is to ﬁnd exact values of the extremal
number ex(n; TKp), i.e., the maximum number of edges of a graph of order n not containing a topological complete
graph TKp of order p as a subgraph.
In [2,10,11,8,12,13] are contained upper bounds for the extremal number in an asymptotical way, i.e., when p is a
ﬁxed integer and n is much larger than p. However, when n3p/2, these results may be improved. Exact values of the
extremal number ex(n; TKp) are only known in a few cases as we can see in Table 1.
The aim of this work is to give new exact values of the extremal number ex(n; TKp) for inﬁnitely many values of
n and p. Besides, we ﬁnd the corresponding extremal graphs EX(n; TKp), i.e., the graphs of order n and ex(n; TKp)
edges not containing a topological complete graph TKp. More precisely we prove the following two theorems.
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Table 1
Exact values of the function ex(n; TKp)
p ex(n; TKp) Reference
3 n − 1
4 2n − 3 [6]
5 3n − 6 [7,14,15]⌈
2n + 5
3
⌉
p<
⌈
3n + 2
4
⌉ (
n
2
)− (5n − 6p + 3) [3,4]
⌈
3n + 2
4
⌉
p<n
(
n
2
)− (2n − 2p + 1) [3,4]
Fig. 1. The complement of a graph free of TKp .
Theorem 1.1. Let n, p be integers such that (7n + 7)/12p< (2n + 1)/3 and n − p15. Then
ex(n; TKp) =
(n
2
)
− (5n − 6p + 2).
NextFr stands for the family of graphs with r vertices consisting of the disjoint union of cycles.
Theorem 1.2. Let n, p be positive integers such that (7n + 7)/12p< (2n + 1)/3 and n − p17. Then
EX(n; TKp) = {(2n − 3p + 1)K4 + F : F ∈F12p−7n−4}.
Notation and terminology not explicitly given here can be found in [1,5].
2. Exact values of the extremal number ex(n;T Kp)
In general, it is easy to check that the graph Kp−2 + Kn−p+2 does not contain TKp as a subgraph. This leads us to
the well-known lower bound
ex(n; TKp)(p − 2)n −
(
p − 1
2
)
. (1)
In 1998 Mader [14] proved the conjecture of Dirac that every graph on n5 vertices and 3n − 5 edges contains a
subdivision of K5. Hence, taking into account (1), ex(n; TK5)= 3n− 6. However, in (1) equality holds only for small
values of p such as Mader noticed [12] considering the complete 5-partite graph with two vertices in each class, that
is, 7 is the greatest value of p for which equality can hold.
Let n, p be two integers such that (7n + 7)/12p< (2n + 1)/3. Let G be the graph with n vertices whose
complement graph G=H is formed by 2n−3p+11 disjoint copies of K4 and one cycle of length 12p−7n−43
(see Fig. 1). This graph has (n2 )− (5n− 6p + 2) edges and it is easy to check that it contains no topological complete
graph TKp as a subgraph. Hence, we have stated the following lower bound for the extremal number ex(n; TKp).
Proposition 2.1. Let n, p be two integers such that (7n + 7)/12p< (2n + 1)/3. Then
ex(n; TKp)
(n
2
)
− (5n − 6p + 2).
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According to Proposition 2.1, for the ﬁrst two possible values, n = 11 and p = 7, we can check that the extremal
number is at least 40, which is the same value given by the lower bound (1). However for n12 the bound given by
Proposition 2.1 is an improvement of (1).
The degree of a vertex v of a graph H is denoted by H (w), whereas =(H) and =(H) stand for the minimum
degree and the maximum degree of H, respectively. We use v(H) and e(H) to denote the number of vertices and edges
of the graph H, respectively. Let us consider a subset of vertices {v1, v2, . . . , vq} of H. We denote by H0 = H and
by Hk = H − {v1, . . . , vk}, k = 1, 2, . . . , q. A subset {v1, v2, . . . , vq} is said to be a decreasing sequence of vertices
of H if
Hj−1(vj ) = (Hj−1) for each j = 1, . . . , q.
Note that
H0(v1)H1(v2) · · · Hq−1(vq) (2)
and
e(H) =
q∑
j=1
Hj−1(vj ) + e(Hq).
Our main purpose is to show that the inequality given by Proposition 2.1 is an equality provided that n− p15. To
do that we need the next technical lemma concerning decreasing sequences.
Lemma 1. Let n, p be integers such that (7n+7)/12p< (2n+1)/3 and n−p10. Let H be a graph of order
v(H)= n and size e(H)5n− 6p + , where = 1, 2. For all decreasing sequence {v1, v2, . . . , vn−p} of H it follows
that
(i) if (Hj )3 and e(Hj )5n − 6p + − 3j for some j ∈ {0, 1, . . . , n − p − 1}, then e(Hn−p)n − p + − 1,
(ii) if = 1 then e(Hn−p)n − p; and if = 2 then e(Hn−p)n − p + 1,
(iii) if (H)(n − p)/2 then e(Hn−p)n − p + − 2.
Proof. Set q = n − p. Then e(H) = 6q − n +  and the hypothesis (7n + 7)/12p< (2n + 1)/3 implies
(12q + 7)/5n< 3q + 1.
If (Hq)1 then the three assertions of the lemma hold because
e(Hq)
⌊
v(Hq)
2
⌋
=
⌊
n − q
2
⌋
<
⌊
2q + 1
2
⌋
= q.
Now, suppose that (Hq)2, that is, (Hj )2 for all j = 0, 1, . . . , q, because of (2). Moreover, observe that if
(H)= 2 then e(H)v(H)= n and e(Hq)= e(H)− 2qn− 2qq, and the lemma holds. Therefore, we may also
assume that (H)3.
(i) First, if (Hj ) = 2 then e(Hj )v(Hj ). Writing e(Hj ) = 6q − n +  − 3j − t , where t0 is a nonnegative
integer, we obtain j3q + n + (− t)/2. Since (Hj ) = · · · = (Hq−1) = 2, because of (2), we have that e(Hq) =
e(Hj ) − 2(q − j) = 4q − n + − j − tq + (− t)/2q + /2, and assertion (i) of the lemma follows.
Finally, suppose that (Hj ) = 3. If (Hk) = 3 for all k ∈ {j, . . . , q − 1}, then e(Hq) = e(Hj ) − 3(q − j)3q −
n + q + − 1 (because n(12q + 7)/52q + 1) and we have ﬁnished. Thus, we can assume that there exists
k ∈ {j+1, . . . , q−1} such that(Hk−1)=3 and(Hk)=2.Hence, e(Hk)=e(Hj )−3(k−j) and e(Hk)v(Hk)=n−k,
so we obtain k(e(Hj )− n+ 3j)/2. As a consequence, e(Hq)= e(Hj )− 3(k − j)− 2(q − k)e(Hj )− 2q + 3j −
(e(Hj ) − n + 3j)/2 = (e(Hj ) + n + 3j)/2 − 2qq + /2, and we are done.
(ii) If (H) = 3 then applying item (i) for j = 0 we are done. If (H)4, then there exists j ∈ {1, . . . , q − 1}
such that (Hj−1)4 and (Hj )3 (otherwise e(Hq)e(H) − 4q2q − n + 10). Therefore, the graph Hj has
v(Hj )= n− j and e(Hj )6q − n+ − 4j < 6q − n+ − 3j . Hence, we can apply item (i) and the lemma follows.
(iii)As(H)q/2 then the graphH1=H−v1 has ordern−1 and size e(H1)6q−n+−q/2=6(q−1)−(n−1)+∗,
where ∗ =  − (q/2 − 5)2. If (H1)3 then item (i) may be applied to the graph H1 for j = 0, obtaining
C. Balbuena et al. / Discrete Mathematics 307 (2007) 1038–1046 1041
e(Hq) = e((H1)q−1)q − 1 + ∗ − 1q +  − 2 and we are done. Thus, (H1)4. Let i ∈ {2, . . . , q − 1}
be such that (Hi−1)4 and (Hi)3. Then e(Hi)6q − n +  − q/2 − 4(i − 1) = 6(q − i) − (n − i) + ∗,
where ∗ =  − (q/2 − 4 − i). If iq/2 − 4 then ∗2 which allows us to apply item (i) to the graph Hi
for j = 0 obtaining e(Hq) = e((Hi)q−i )q − i + ∗ − 1q +  − 2 and we have ﬁnished. If iq/2 − 3 then
e(Hi)6q − n+ − q/2 − 4(i − 1)= 6(q − 1)− (n− 1)+ ∗ − 3(i − 1), where ∗ = − (q/2 − 6 + i). Then,
applying item (i) to the graph H1 for j = i − 1, we deduce that e(Hq)= e((H1)q−1)q − 1 + ∗ − 1q + − 2, and
the lemma holds. 
Next, results for the function ex(n; TKp) will be obtained for inﬁnitely values of n, p. To do that we will apply the
Hall’s Condition to ﬁnd a complete matching.
Theorem 2.2 (Hall [9]). Given a bipartite graph B with partite sets X and Y, if |NB(A)| |A| for all A ⊆ X, where
NB(A) =⋃v∈A NB(v) and NB(v) is the set of adjacent vertices to v, then X can be matched to a subset of Y, that is,
there exists a complete matching.
The following lemma will also be very helpful in proving our results.
Lemma 2. Let Y = {v1, . . . , vq} be a subset of vertices of a graph G, and let H be the complement graph of G. Let B
be the bipartite graph whose classes are X = E(H − Y ) and Y so that aibi ∈ X is adjacent to vj ∈ Y iff there exists
the path aivj bi in G. For any given A ⊂ X suppose that |NB(A)| |A| − 1. Then for all aibi ∈ A and for all subset
{vt1 , . . . , vt|A| } ⊂ Y there exists a vertex vtj ∈ {vt1 , . . . , vt|A| } such that vtj aibi or vtj biai is a path in H.
Proof. Assume that there exists an edge aibi ∈ A and there exists a subset {vt1 , . . . , vt|A| } of Y so that neither vtj aibi
nor vtj biai are paths in H for all vtj ∈ {vt1 , . . . , vt|A| }. This means that aivtj bi is a path in G for all vtj ∈ {vt1 , . . . , vt|A| },
which yields |NB(aibi)| |A|, and hence |NB(A)| |NB(aibi)| = |A|, contradicting the hypothesis. 
2.1. Proof of the main result
Proof of Theorem 1.1. By Proposition 2.1, it sufﬁces to prove that ex(n; TKp)
(
n
2
)− (5n−6p+2). We will show
that a graph G on n vertices and
(
n
2
)− (5n−6p+1) edges must contain a TKp. We denote by H =G the complement
of G and set q = n − p. Then (12q + 7)/5n< 3q + 1, and e(H) = 6q − n + 14q − 7. Let {v1, . . . , vq} be
a decreasing sequence of q vertices in H . By applying item (ii) of Lemma 1, we know the graph Hq obtained from
H by removing these vertices has at most q edges, say e1 = a1b1, . . . , es = asbs , with sq. Note that if s = 0 then
Hq = Kp and we are done, hence s1. Clearly, (Hq)3, because otherwise, by (2) we have (Hj )4 for all
j = 0, 1, . . . , q − 1, and
s = e(Hq)e(H) − 4q = 2q − n + 10
which is a contradiction.
Now consider the bipartite graph B as deﬁned in Lemma 2. That is, the classes of B are X = {e1, . . . , es} and
Y = {v1, . . . , vq} so that vj is adjacent to ei in B if there exists the path aivj bi in G. To prove that G contains a TKp
we will show for each i = 1, . . . , s the existence of an aivj bi path in G, in such a way that these s paths are pairwise
disjoint. This is equivalent to show the existence of a complete matching in B. We will see that |NB(A)| |A| for each
A ⊆ X and then we will use Theorem 2.2. Given A ⊆ X, we denote by H [A] the induced subgraph of H by the edges
of A. Note that (H [A])(Hq)3. Set |A| = m and note that 1msq.
We reason by contradiction supposing that |NB(A)|m − 1. As a consequence of Lemma 2 there exists vt1 ∈
{vq−m+1, . . . , vq} such that vt1aibi or vt1biai is a path in H for all edge aibi ∈ A. This implies that Hq−m(vt1)m/
(H [A]). Hence,
(Hq−m) = Hq−m(vq−m+1)
m
(H [A]) . (3)
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Fig. 2. A subgraph of H .
First, if m= q we have m= s = q (because msq) which means e(Hq)= s = q. If (H [A])= 3, since n> 2q, we
obtain
q = e(Hq)e(H) − q3 − 3(q − 1) = 3q − n + 4 −
q
3
<q,
which is impossible. Therefore 1(H [A])2 and (H)q/2. In this case item (iii) of Lemma 1 allows us to
conclude that e(Hq)q − 1 which is also impossible.
Hence,wemay assume that(H [A]) |A|=mq−1.By(Hj )(Hq)(H [A]) for every j=q−m+1, . . . , q,
together with (3) and e(Hq) = sm, we get
e(H) =
q∑
j=1
Hj−1(vj ) + e(Hq)
m
(H [A]) (q − m + 1) + (H [A])(m − 1) + m.
Therefore, for all m in the range 4(H [A])mq − 1 we have
e(H)4q + 4(H [A])2 − 13(H [A]) + 4.
As (H [A]) = 1, 2, 3, then e(H)4q − 6, which is impossible because e(H) = 6q − n + 14q − 7. Thus we have
(H [A])m4(H [A]) − 1.
Now, we consider an edge aibi such that ai or bi has degree (H [A]) in H [A]. From Lemma 2, there exists a vertex
vt1 ∈ {vq−m+1, . . . , vq} such that vt1aibi or vt1biai is a path in H. Hence
Hq−m(ai) max{2,(H [A])} or Hq−m(bi) max{2,(H [A])}.
Then we ﬁnd a vertex vt2 ∈ {vq−m, . . . , vq}\{vt1} and a vertex vt3 ∈ {vq−m−1, . . . , vq}\{vt1 , vt2} such that vtj aibi
or vtj biai , j = 2, 3, are paths in H. Hence (see Fig. 2),
Hq−m−2(ai) max{3,(H [A]) + 1} or Hq−m−2(bi) max{3,(H [A]) + 1},
or in other words,
(Hq−m) = Hq−m(vq−m+1) max{2,(H [A])},
(Hq−m−2) = Hq−m−2(vq−m−1) max{3,(H [A]) + 1}. (4)
If (H [A]) = 1 then 1m3 and by Lemma 2 we ﬁnd seven vertices in the set {vq−m−5, . . . , vq} adjacent to ai or
bi (see Fig. 3). Therefore, we have
Hq−m−4(ai)4 or Hq−m−4(bi)4, Hq−m−6(ai)5 or Hq−m−6(bi)5.
This fact together with (2) imply
(Hq−m−4) = Hq−m−4(vq−m−3)4, (Hj−1) = Hj−1(vj )5
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Fig. 3. Case (H [A]) = 1.
for j = 1, 2, . . . , q − m − 5. Therefore
e(H)5(q − m − 5) + 2
4∑
i=2
i + (m − 1) + s5q − 3m − 85q − 174q − 6,
which gives a contradiction.
If (H [A]) = 2 then 2m7 and we ﬁnd six vertices in the set {vq−m−4, . . . , vq} adjacent to ai of bi . In this case
we have
Hq−m−3(ai)4 or Hq−m−3(bi)4, Hq−m−5(ai)5 or Hq−m−5(bi)5,
which implies by (2)
(Hq−m−3) = Hq−m−3(vq−m−2)4, (Hj−1) = Hj−1(vj )5
for j = 1, 2, . . . , q − m − 4. Therefore, using (4) and the hypothesis q15 we get
e(H)5(q − m − 4) + 2 · 4 + 3 + 2(m + 1) + s5q − 2m − 75q − 214q − 6,
which gives a contradiction.
Finally if (H [A]) = 3 then 3m11 and we also have Hq−m−4(ai)5 or Hq−m−4(bi)5, which implies by (2)
(Hj−1) = Hj−1(vj )5, j = 1, 2, . . . , q − m − 3.
Therefore, using (4) and the hypothesis q15 we get
e(H)5(q − m − 3) + 2 · 4 + 3(m + 1) + s5q − m − 45q − 154q − 6
and this not possible. Thus |NB(A)|m, and by applying Hall’s condition the result follows. 
3. Characterization of the family EX(n;T Kp)
In this section we will characterize the family of extremal graphs EX(n; TKp) so that (7n + 7)/12p<
(2n + 1)/3 and n − p17. The following lemmas are needed.
Lemma 3. Let n, p be integers such that (7n + 7)/12p< (2n + 1)/3 and n − p17. Let G ∈ EX(n; TKp)
be and H = G its complement graph. Then for all decreasing sequence {v1, . . . , vn−p} of H it follows that
e(Hn−p) = n − p + 1.
Proof. From Theorem 1.1 we know that
e(G) =
(n
2
)
− (5n − 6p + 2).
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Thus, H = G has e(H) = 5n − 6p + 2 edges. Let {v1, . . . , vn−p} be any decreasing sequence of H. By applying item
(ii) of Lemma 1 we have
e(Hn−p)n − p + 1.
Set q = n − p, hence e(H) = 6q − n + 24q − 6. Suppose that there exists a decreasing sequence of vertices in H,
say {w1, . . . , wq}, such that the graph Hq has at most q edges denoted by e1 = a1b1, . . . , es = asbs , where sq. We
can now proceed in the same way as in the proof of Theorem 1.1 taking into account that q17. Then G ⊇ TKp
which is a contradiction because G ∈ EX(n; TKp). Hence, e(Hn−p)= q + 1 for all decreasing sequence {v1, . . . , vq}
of H. 
In [3] it was proved that a graph H with maximum degree 2 has at least k + 1 nonadjacent vertices with degree 2
provided that H has at least 3k + 1 vertices of degree 2. The following lemma is a generalization of this result.
Lemma 4. Let H be a graph of maximum degree and at least m vertices of degree. Then at least (m+)/(+1)
of them are independent.
Proof. Set k + 1 = (m + )/( + 1). Then H has at least ( + 1)k + 1 vertices of degree . We will show that at
least k + 1 of them are independent.
We proceed by induction on k. For k = 0 the result is clear because m1. Now suppose that k1 and the result
holds for k − 1. Let w be a vertex of H of degree  and consider the graph H ∗ =H −w. It is clear that H ∗ has at least
(+ 1)k+ 1−|N(w)∪{w}|= (+ 1)k+ 1− (+ 1)= (+ 1)(k− 1)+ 1 vertices of degree . So, by the induction
hypothesis, at least k of these vertices, say {w1, . . . , wk}, are independent. Thus, the k+ 1 vertices w,w1, . . . , wk have
degree  and are independent. 
The following result relates the number of vertices of maximum degree  in a graph H with the number of disjoint
copies of K+1 contained in H. This result was proved in [3] but only for maximum degree 2.
Lemma 5. Let H be a graph of maximum degree  and r be a positive integer. If H has r(+ 1) vertices of degree 
and exactly r of them are independent, then H contains r disjoint copies of K+1.
Proof. Let H be a graph and let H be the subset of vertices of degree . Let w1, . . . , wr be the r independent vertices
of degree  belonging to H . Hence H ⊆ ⋃ri=1 (N(wi) ∪ {wi}). Since |H | = r(+ 1) it follows that:
r(+ 1) = |H |
∣∣∣∣∣
r⋃
i=1
(N(wi) ∪ {wi})
∣∣∣∣∣ r(+ 1)
which implies that every vertex of N(wi) has degree , for any i ∈ 1, . . . , r and further, (N(wi) ∪ {wi}) ∩ (N(wj ) ∪
{wj })=∅ for all i = j , i, j=1, . . . , r . Thus it is enough to show that for each i=1, . . . , r the subgraphH [{wi}∪N(wi)]
is K+1. Otherwise, there must exist two vertices a and b of H [{wi}∪N(wi)] such that the edge ab does not belong to
this graph. Hence, {w1, . . . , wr, a, b}\{wi} is a set of r+1 independent vertices of degree in H against the hypothesis.
Hence, H contains r disjoint copies of K+1 and the result follows. 
3.1. Proof of the main result
Proof of Theorem 1.2. In order to characterize the extremal family EX(n; TKp) it is enough to show that every
graph G ∈ EX(n; TKp) belongs to the set {(2n − 3p + 1)K4 + F : F ∈F12p−7n−4}, because the other inclusion is
immediate.
So let G be a graph of the family EX(n; TKp) and denote by H its complement graph. Then by applying Theorem
1.1 we have v(H) = n and e(H) = 5n − 6p + 2 = 6q − n + 2 where we have substituted n − p = q. Note that the
hypothesis (7n + 7)/12p< (2n + 1)/3 implies that (12q + 7)/5n< 3q + 1.
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Moreover, by Lemma 3 it follows for each decreasing sequence of vertices {v1, v2, . . . , vq} in H that e(Hq)= q + 1.
First, we will see that (H) = 3.
Clearly, (Hq)2, because if (Hq) = 1, then 2e(Hq) = 2q + 2v(Hq) = n − q, hence 3qn − 2 and this
is not possible. Indeed, (Hq) = 2, because otherwise, (Hj )3 for all j ∈ {0, . . . , q − 1} by (2) and therefore
q + 1 = e(Hq)6q − n+ 2 − 3q = 3q − n+ 2, yielding n2q + 1, which is also a contradiction. Hence, (Hj )2
for all j ∈ {1, . . . , q − 1} and (Hq) = 2.
It is also obvious that (H)3, since e(H)>v(H). Assume that (H)4. Since (Hq) = 2, then there exists
j0 ∈ {1, . . . , q} such that (Hj0−1)4 and (Hj0)3. If (Hj0)= 2 then e(Hj0)v(Hj0) and therefore 2(q − j0)+
q + 1e(Hj0)v(Hj0) = n − j0, hence j03q + 1 − n. Then
6q − n + 2 = e(H)4j0 + 2(q − j0) + q + 1 = 3q + 2j0 + 19q + 3 − 2n,
hence n3q + 1, which is a contradiction, therefore (Hj0) = 3. Since (Hq) = 2, there exists i0 ∈ {j0 + 1, . . . , q}
such that (Hi0−1) = 3 and (Hi0) = 2. Since e(Hi0)v(Hi0), we have i03q + 1 − n, which implies
e(H)4j0 + 3(i0 − j0) + 2(q − i0) + q + 16q − n + 3
contrary to the fact that e(H) = 6q − n + 2. Hence, (H) = 3 as claimed.
LetVi be the set of vertices of degree i of H. Since(H)=3, then 2e(H)=|V1|+2|V2|+3|V3|, hence |V3|2e(H)−
2(|V0| + |V1| + |V2| + |V3|)2e(H) − 2v(H) = 12q − 4n + 4. Thus, by applying Lemma 4 at least (12q −
4n + 7)/4 = 3q − n + 1 vertices of degree 3 are independent. In fact, we are going to show that the number of
independent vertices of degree 3 is equal to 3q − n + 1. Otherwise, suppose that 3q − n + 2 + i is the number of
independent vertices of degree 3, with i0. The graph H3q−n+2+i has v(H3q−n+2+i ) = 2n − 3q − i − 2 vertices,
e(H3q−n+2+i )=e(H)−3(3q−n+2+i)=2n−3q−4−3i edges, and(H3q−n+2+i )2.Actually,(H3q−n+2+i )=2
because (Hq) = 2. Therefore,
e(Hq)e(H) − 3(3q − n + 2 + i) − 2(q − (3q − n + 2 + i)) = q − i < q + 1
which is a contradiction because e(Hq) = q + 1. Thus, H has exactly 12q − 4n + 4 vertices of degree 3 = (H), and
3q − n + 1 of them are independent. So, from Lemma 5 it follows that H contains 3q − n + 1 disjoint copies of K4.
Moreover, we have
3|V3| + 2|V2| + |V1| = 2(6q − n + 2)
|V3| + |V2| + |V1| + |V0| = n
}
.
Since |V3| = 12q − 4n + 4, we obtain |V1| + 2|V0| = 0, i.e., H is formed by 12q − 4n + 4 vertices of degree 3 and
5n − 12q − 4 vertices of degree 2. Finally, since n(12q + 7)/5, we have |V2| = 5n − 12q − 43.
Hence, H = G ∈ {(k + 1)K4 + F : F ∈F5n−12q−4} so that EX(n; TKp) ⊆ {(k + 1)K4 + F : F ∈F5n−12q−4}.
The other inclusion is clear, thus the result follows. 
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